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Introduction

T HIS note presents a source function approach for analysis
of three-dimensional radiative heat transfer in absorbing,

emitting, and anisotropically scattering media. Two integral
equations relating the source function for the gas and leaving
intensity for surfaces are developed incorporating direct ex-
change factors between differential elements. The resulting
equations are then discretized using a numerical scheme. Nu-
merical results based on the present approach are presented
for a three-dimensional idealized furnace model, which are
in excellent agreement with the existing solutions.
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Formulation
Consider a multidimensional diffuse boundary enclosure

containing absorbing, emitting, and anisotropically scattering
media, as shown in Fig. 1. Neglecting the conductive and
convective heat transfer effects, the following integral equa-
tions can be derived for radiative heat transfer in the enclosure
(see Ref. 1 for derivations)
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Fig. 1 Schematic of a three-dimensional rectangular enclosure.
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gas source function and Is is surface leaving intensity. The
differential solid angle dft can be expressed by dft = cos 6
dA/r2. Using this expression, the angular and line integrals
in Eqs. (1-4) can be converted into surface and volume in-
tegrals, and making use of the direct exchange factors between
surface and gas differential elements jisjshown in Ref. 2 [dss(r,,
r,.) = cos^cosQj.T^dAj/^lr^.dsg^Tj) = Kt cos e^fo)
dVy(7r|r/y|2), dgs(rl9 ry) = cos eyr(riy) cL4/(47r|r/y|2) and dgg(r,,
ry) = KtT(rij) dVj/(4ir\rij\2)], the resulting equations become
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If the surface emissive power Es(r) and gas heat source

q'g(r) are known, Eqs. (5) and (6) are used to find the surface
leaving intensity Is(t) and source function 7g(r, H). Then, Eqs.
(7) and (8) are implemented to determine the surface flux,
q"(r), and gas black emissive power Ebg(t) = oT4(r).

Numerical integration schemes such as Gaussiari quadra-
ture, Simpson, trapezoidal, or rectangular (midpoint) inte-
gration method are utilized to discretize Eqs. (5-8). The
Guassian quadrature discretization provides the most accurate
results; however, since the nodal points in this method are
not evenly located, it is undesirable for combined conduction-
convection-radiation problems where a finite difference com-
patible grid is needed. For these types of problems, Simpson,
trapezoidal and rectangular (midpoint) methods are more ap-
propriate. Discretizing Eqs. (5-8) using any of the numerical
integral schemes, we obtain

(9)
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In the above equations Is. represents leaving intensity from
surface node j and Ig.. represents source function of gas node
y directed toward gas node /.

In many practical problems, the surface temperature (sur-
face emissive power) and gas heat source are known. For
these problems, Eqs. (9) and (10) are written for all surface
and gas nodes and solved simultaneously to determine leaving
intensity Is. and source function Ig... Then, these results are
used in Eqs. (11) and (12) to determine surface heat flux arid
gas black emissive power (temperature). For isotropically
scattering media, the phase function-4>(ft', ft) .= 1, and the
above equations identically reduce to the so-called "radiosity-
type" equations given in Ref. 3. There is, however, one major
difference between the present approach and that of the zonal
method. The exchange factors in the zonal formulation are
between finite volumes and surfaces, while in the present
approach, they are between nodes. Thus, substantial com-
putaton efforts can be saved in the present approach. As will
be shown, the use of exchange factor between nodes instead
of finite volumes and surfaces will not sacrifice accuracy.

Results and Discussion
In order to illustrate the accuracy of the present method,

the results based on the present method are benchmarked
against the existing solutions based on the zonal method4 and
discrete exchange factor method (DEF)5 for isotropic scat-
tering medium cases, and the discrete-ordinates method,6 N-
bounce method7 and P-3 method8 for anisotropic scattering
media.

Isotropic Scattering Media
Consider the unit cubical enclosure as shown in Fig. 1. The

gas and surface conditions for this problem are: extinction
coefficient Kt = 1.0 m"1, heat source q'g/Ere{ = 4, scattering
albedo 6>0 = 0.75, surface emissivity s — 1.0 (black surface),
and surface emissive powers E<JErtA — E3/Eref = E6/ETef =
1.0 and E2/Eret = E4/ETef = E5/Ere( = 0.0. This problem was
also analyzed by Larsen4 using the zonal method. For com-
parison purpose, the same grid size as that of the zonal method
is used here (i.e., 5 x 5 x 5), and the rectangular (midpoint)
integration method is utilized. The results for surface heat
fluxes and gas temperatures are given in Table 1. Table 2
shows the same results when o>0 = 0.0, e = 0.3 and surfaces
are cold. The results presented in Tables I and 2 show that
the relative difference between the results based on the pres-
ent method and the zonal method4 is less than 1.0%, except
for the heat flux at corner nodes. The CPU time performed
on an IBM/RT model 130 workstation is 43 s.

Table 1 A comparison between the results of present method and
the zonal method (three-dimensional enclosure, o>0 = 0.75, black

walls and q'g/Eret = 4.0)

Cold surface di-
mensionless
heat flux

Position
0.1
0.3
0.5
0.7
0.9

Present method
-0.946
-1.198
-1.337
-1.382
-1.344

Zone method
-0.940
-1.211
-1.341
-1.387
-1.341

Hot surface di-
mensionless
heat flux

Centerline dimen-
sionless gas
temperature

(12)

0.1
0.3
0.5
0.7
0.9

0.1
0.3
0.5
0.7
0.9

0.038
-0.223
-0.363
-0.407
-0.359

1.485
1.503
1.513
1.516
1.515

0.051
-0.235
-0.368
-0.412
-0.350

1.482
1.501
1.510
1.514
1.512
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Table 2 A comparison between the results of present method and
the zonal method (three-dimensional enclosure, o>0 = 0, E = 0.3

and q"/Eret = 4.0)

Surface dimen-
sionless heat
flux

Centerline dimen-
sionless gas
temperature

Position
0.1
0.3
0.5

0.1
0.3
0.5

Present method
-0.667
-0.716
-0.732

1.335
1.346
1.350

Zone method
-0.664
-0.719
-0.733

1.331
1.343
1.347

1000

950

Z=0.4m

Z=2.0m

L_.u_-*-~~

Cold Surface

P3 Approximation
Discrete Ordinates
Zone Method
Present Method

I I 1 I I I i I
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Fig. 2 Comparison of the surface heat flux and medium temperature
based on the present method, the zonal method, P-3 approximation
and discrete-ordinates method for a three-dimensional enclosure.

Next, consideration is given to an idealized furnace model
that was presented by Mengiic. and Viskanta.8 The model has
a rectangular parallel-piped configuration with the following
specifications, Lx = 2 m, Ly = 2 m, Lz - 4 m, Kt = 0.5
m~ !, o>0 = 0.0 m"1, q'g = 5 kw/m3; and at the surfaces, 7\
= T2 = T3 = T4 = 900 K, e, = e2 = £3 = *4 = 0.7, T5 =
1200 K, e5 = 0.85, T6 = 400 K, s6 = 0.7. This enclosure was
analyzed by Mengiic. and Viskanta8 using the P-3 approxi-
mation and zonal method; Fiveland,6 using the discrete-or-
dinates method; and Naraghi and Huan,7 using an N-bounce
method. The resulting surface heat fluxes and gas tempera-
tures based on the P-3, zonal, discrete-ordinate and the one-
and two-bounce solutions are presented in Fig. 2. The results
of the present method are based on a 7 x 7 x 10 grid. As
shown in these figures, the results of the present method and
zonal method are nearly coincident, especially for gas tem-
peratures; however, there are some discrepancies between
the results of discrete-ordinates, P-3 approximation and those
of the zonal method.

Note that the results obtained based on the present method,
for all isotropically scattering cases studied here, are identical
to those based on DEF method.5 Although the mathematical
formulations of the DEF method and the present approach
are totally different, their final results are exactly the same
because both methods use identical exchange factors between
nodes.
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Fig. 3 Comparison of the surface flux results based on the present
method and discrete-ordinates method for some 5-function phase func-
tions.

Anisotropic Scattering Media
Recently, Fiveland6 used the discrete-ordinates method for

analysis of radiative heat transfer in three-dimensional enclo-
sure with anisotropic scattering media. In Fiveland's work, a
6-Eddington approximation of the scattering phase function
was utilized. To demonstrate the application of the present
method to anisotropic scattering problems, the same problem
is analyzed here. An equivalent form to the 6-Eddington ap-
proximation phase function can be written as

with modified

<f>*(9) = 1 + 3XJ cos 6

K? = Kt(l -

(13)

(14)

(15)

Two cases are evaluated by the present method. The ani-
sotropic parameters for these cases are listed as, for case 1,
/ = 0.111, X* = 0.215; and for case 2, / == 0.781, X* =
0.868. The radiative properties of the gas and surface are: cu0
= 0 . 5 ; ^ r r = 1 . 0 m ~ 1 and e = 0.8. Other enclosure specifi-
cations are the same as the idealized furnace model considered
in the previous isotropic scattering case. Two grid sizes are
used: 5 x 5 x 7 , and 7 x 7 x 10. The resulting wall heat
fluxes are presented in Fig. 3. As shown in this figure, the
results of both grid sizes are so close that they cannot be
distinguished from the figure. This might be due to the uti-
lization of Gaussian quadrature integration, which provides
accurate results even when a small number of nodes is used.
Both results are in excellent agreement with those provided
by the discrete-ordinates method,6 and almost coincident with
the results based on the one-bounce model.7
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Conclusion
Integral equations relating the source function, emissive

power, and heat source for gas, and leaving intensity, emissive
power, and heat flux for surfaces are developed for aniso-
tropically scattering media. When the gas scatters isotropically
and surfaces are diffuse, these equations are reduced to the
radiosity formulations given by Hottel and Sarofim.3 The source
function distribution in gas and leaving intensity distribution
on surface can be obtained by solving the discrete form of
these equations. The present method can be used for radiative
heat transfer analysis of isotropic or anisotropic scattering
media, and the results are in good agreement with those of
the existing methods. The computational time is reasonably
low for isotropically scattering problems. For anisotropically
scattering cases, however, the computational time can become
quite high.

In the zonal method, the radiosities are net radiative energy
leaving finite gas volumes and finite surface areas. To cal-
culate these radiosites, direct exchange areas between finite
volume and surfaces must be evaluated. Substantial compu-
tational efforts are usually used to evaluate multiple integra-
tions of the exchange areas. In the present approach, how-
ever, the exchange factors between nodal points are used.
Consequently, substantial computational time can be saved
by avoiding multiple integrations in the exchange factor com-
putation without sacrificing the accuracy.

Most recently, Saltiel and Naraghi9'10 have demonstrated
that by using a rectangular (midpoint) numerical integration
method, the DEF method can be applied to geometrically
complex problems. Because the exchange factors and nu-
merical discretization method used in the present approach
is the same as DEF method, the present method can also be
easily applied to geometrically complex problems.
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Introduction

M ANY approaches have been taken regarding the nu-
merical modeling of transient heat-pipe vapor phenom-

ena. The most complicated models assume the vapor flow is
two-dimensional, compressible, and unsteady.1'4 These models
are useful in understanding the detailed physics of vapor tran-
sients; unfortunately, they require the use of large amounts
of computer time. Simpler approaches that model the flow as
one-dimensional but still compressible and unsteady have been
shown to save great amounts of computer time while still
adequately modeling the heat-pipe vapor behavior.5-8 Meth-
ods of accelerating the solution process by using local time-
stepping techniques have proved effective in saving computer
time when the one-dimensional models are used.9 All of the
models mentioned above have assumed the vapor behaves
like an ideal gas. This assumption has often been questioned,
but an alternative approach has never been presented.

For the vapor model described in this paper, the vapor flow
is assumed to be one-dimensional, compressible in time, in-
compressible in space, and quasisteady. The vapor is not as-
sumed to be an ideal gas, but is assumed to be a saturated
vapor. By assuming the flow is incompressible in the spatial
coordinate, and the vapor is a saturated vapor, the vapor
modeling problem is greatly simplified. This means both the
vapor density and temperature are spatially constant and de-
pendent. As shown below, the transient is modeled by keeping
track of the mass and energy leaving and entering the vapor
space. At any time during the transient, the vapor velocity
distribution and pressure distribution along the heat-pipe can
be found, but unlike earlier models, they aren't required as
part of the solution process. This saves a great deal of com-
puter time.

Numerical Model

The Wall Model
The transient energy conduction in the heat-pipe wall is

modeled by solving the two-dimensional, constant properties,
transient, heat diffusion equation. For this work, an explicit,
finite difference solution technique is used10; however, other
methods should work equally well. The temperature of the
heat-pipe's external evaporator surface is specified as a
boundary condition. A zero temperature gradient is specified
as the boundary condition along the external surface of the
adiabatic section. A convection boundary condition is used
on the external condenser surface. The condenser external
environment temperature is specified as part of that boundary
condition.
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